We define a new equivariant (with respect to a finite group G action) version of the Poincaré series of a multi-index filtration as an element of the power series ring A(G)[[t 1 , . . . , t r ]] for a certain modification A(G) of the Burnside ring of the group G. We give a formula for this Poincaré series of a collection of plane valuations in terms of a G-resolution of the collection. We show that, for filtrations on the ring of germs of functions in two variables defined by the curve valuations corresponding to the irreducible components of a plane curve singularity defined by a G-invariant function germ, in the majority of cases this equivariant Poincaré series determines the corresponding equivariant monodromy zeta functions defined earlier.
Introduction
It was shown (see, e.g., [1] ) that the multi-variable Poincaré series of the multiindex filtration on the ring of germs of functions in two variables defined by the curve valuations corresponding to the irreducible components of a (reducible) plane curve singularity C coincides with the multi-variable Alexander polynomial of the corresponding algebraic link C ∩ S 3 ε ⊂ S 3 ε . Up to now this coincidence has no conceptual explanation. It is obtained by direct computations of the both objects in the same terms and comparison of the results. Generalizations of this relation (e.g., to an equivariant setting) can help to understand a reason for it. A possibility to try to get an equivariant generalization of this relation was restricted by the lack of equivariant versions of the Poincaré series of filtrations and of the monodromy zeta functions.
There were several attempts to define equivariant versions of the Poincaré series and of the monodromy zeta functions for a finite group G action: [2] , [3] , [6] , [7] . In particular, in [2] an equivariant version of the Poincaré series was defined as an element of R 1 (G)[[t 1 , . . . , t r ]], where R 1 (G) is the subring of the ring of representations of the group G generated by the one-dimensional representations. This version appeared to be useful for computation of Seiberg-Witten invariants of the links of the so-called splice-quotient surface singularities (see, e.g., [10] ). However a comparison of the equivariant versions of the Poincaré series and of the monodromy zeta functions was difficult since they were elements of different rings. The notion of the (usual, non-equivariant) Poincaré series is related to the notion of integration with respect to the Euler characteristic: see, e.g. [1] . An "equivariant version" of the ring Z of integers is the Burnside ring A(G) of the group G, i.e. the Grothendieck ring of finite G-sets (see, e.g., [11] ). In some approaches an equivariant version of the Euler characteristic is an element of the Burnside ring. In [6] and [7] equivariant versions of the monodromy zeta function were defined as elements of the power series rings (A(G) ⊗ Q) [ Here we define a new equivariant version P . We give a formula for the equivariant Poincaré series P G {ν i } (t 1 , . . . , t r ) of a collection {ν i } of plane valuations in terms of a Gresolution of the collection. This formula uses a pre-λ-structure on the ring A(G). We also correct a certain inaccuracy in the corresponding formula in [3] (and of its use in [4] ). We show that (with some exceptions) the equivariant Poincaré series of a collection of curve valuations corresponding to the irreducible components of a plane curve singularity defined by a G-invariant equation determines the corresponding equivariant monodromy zeta-functions from [6] and [7] by a simple algorithm.
The equivariant Poincaré series
We shall consider the Grothendieck ring of finite G-sets with an additional structure.
Definition: A finite equipped G-set is a pair X = (X, α) where: a finite (G, r)-set is an equipped G-set with an additional structure (a Z r ≥0 -valued function on it). Therefore each finite (G, r)-set defines a finite equipped G-set.
A pre-λ-structure on a ring R is a map from R to 1 + tR [[t] ] (u → λ u (t), u ∈ R) such that λ u+v (t) = λ u (t)λ v (t): see e.g. [8] . In what follows we shall use a (particular) pre-λ-structure on the ring A(G). Since λ 1 (t) will be equal to (1 − t)
where S k X are the symmetric powers of the equipped G-set X defined below. For an equipped G-set X = (X, α), its symmetric power S k X is an equipped G-set described in the following way. It is the pair (S k X, α (k) ) where S k X = X k /S k is the k-th symmetric power of the G-set X (with the natural action of G on it). Let an unordered collection {x 1 , . . . , x k } represent a point of S k X. One can write it as {µ 1 y 1 , . . . , µ s y s } where y 1 , . . . , y s are different points from the collection x 1 , . . . , x k and µ i are their multiplicities, µ i = k. The isotropy subgroup of the point {x 1 , . . . , x k } ∈ S k X consists of those elements a ∈ G which act on the set y 1 , . . . , y s by a permutation preserving the multiplicities of the points. Let (y i 1 , . . . , y i ℓ ) be a cycle of the permutation defined by the action of a on {y 1 , . . . , y s }. The multiplicities µ i 1 , . . . , µ i ℓ are equal to each other. Let us define β(y i 1 , . . . , y i ℓ ) as α y i 1 (a ℓ ). Now α
is the product of the factors (β(y i 1 , . . . , y i ℓ )) µ i 1 over all the cycles (y i 1 , . . . , y i ℓ ) in the permutation defined by a.
Remark. The reason for this definition is inspired by the application of this notion below and is the following one. One has to explain it for an irreducible equipped G-set: the k-th symmetric power of the disjoint union of two equipped G-sets X ′ = (X ′ , α ′ ) and X ′′ = (X ′′ , α ′′ ) is the disjoint union of the products
Assume that the group G acts on a germ (V, 0) of a complex analytic space (and thus on the ring O V,0 of germs of functions on it and on its projectivization PO V,0 ) and that an irreducible equipped G-set X = (X, α) is represented by the orbit Gh of a function germ h ∈ PO V,0 (or rather of its class there). Let G h be the isotropy subgroup of h in PO V,0 . This means that the G-set X = Gh ∼ = G/G h consists of |G|/|G h | points represented by a set of function germs, for an element a ∈ G and for a function h ′ from the set of function germs representing the orbit of h, the function a * h ′ is, up to a constant factor, another function-germ from this set, and, for a ∈ G h ′ , a
Let us consider all functions of the form h 1 · h 2 · . . . · h k , where h 1 , h 2 , . . . h k are functions from the set representing Gh. In the application below two products of this sort can coincide in PO V,0 if and only if they consist of the same functions (in an arbitrary order, of course). (This will be the case since all the functions from the orbit will have different zero-level curves.) In this case this set of functions is, in the natural way, isomorphic to the k-th symmetric power S k X of the G-set X. Let us write a product of the functions representing Gh as {h
. . , h s are different functions from the set representing Gh and µ i are their multiplicities. The isotropy subgroup of the function h * in PO V,0 consists of those elements a ∈ G which act on the set h 1 , . . . , h s by a permutation preserving the multiplicities of the functions. The function h * is the product of the functions corresponding to cycles of the permutation. Let (h i 1 , . . . , h i ℓ ) be a cycle of the permutation defined by a. The multiplicities µ i 1 , . . . , µ i ℓ of these functions in the product are equal to each other. The element a acts on the product ℓ j=1 h i j by the multiplication by α h i 1 (a ℓ ). Thus the element a acts on the function h * by the multiplication by the product of the factors (α h i 1 (a ℓ ))
over all the cycles (y i 1 , . . . , y i ℓ ) in the permutation defined by a. From the definition (1) one can see that
Therefore this definition in the obvious way extends to the Grothendieck ring A(G) defining a pre-λ-structure on it.
Let (V, 0) be a germ of a complex analytic space with an action of a finite group G and let O V,0 be the ring of germs of functions on it. Without loss of generality we assume that the G-action on (V, 0) is faithful. The group G acts on O V,0 by a
where z ∈ V and a ∈ G. A valuation ν on the ring O V,0 is a function ν :
A function ν : O V,0 → Z ≥0 ∪ {+∞} which possesses the properties 1) and 2) is called an order function. A collection of order functions ν 1 , . . . , ν r on O V,0 defines an r-index filtration on O V,0 :
The notion of the Poincaré series P {ν i } (t) of the filtration {J(v)} (or of the collection {ν i } of order functions) was introduced in [5] . In [1] it was shown that it is equal to a certain integral with respect to the Euler characteristic over the projectivization PO V,0 of the space O V,0 . The coefficient at t
in the Poincaré series P {ν i } (t) is equal to the Euler characteristic of the set of function germs h ∈ PO V,0 such that ν(h) = v.
One of the problems to define an equivariant version of the Poincaré series is related to the fact that an order function ν on O V,0 is, in general, not invariant with respect to the G-action. Therefore a G-orbit of a function does not correspond to a well-defined monomial of the form t v . One can restrict oneself to only G-equivariant order functions on O V,0 . However this makes the construction rather poor. Instead of that one can associate to an orbit the sum of values of the G-shifts of the order function, i.e. the sum of the values of the order functions a * ν for a ∈ G. This leads to a meaningful notion. E.g., if ν 1 , . . . , ν r are the curve valuations defined by irreducible plane curve singularities (C i , 0) ⊂ (C 2 , 0) (see Section 2) and µ(h) := ν 1 (h)+. . .+ν r (h) then the integral
, where ∆ C is the Alexander polynomial (in several variables) of the link of the curve singularity C = r i=1 C i , which in its turn coincides with the monodromy zeta function of an equation of the curve C.
The group G acts on the set of (order) functions on O V,0 . Let ν 1 , . . . , ν r be a collection of order functions on O V,0 . Let
The functions ω i are G-invariant. The functions ω i are not, in general, order functions. Assume that the order functions ν 1 , . . . , ν r are finitely determined. This means that, for each k ∈ Z ≥0 , the set {h ∈ O V,0 : ν i (h) = k} is cylindric in the sense of [1] . For an element h ∈ PO V,0 , that is for a function germ considered up to a constant factor, let G h be the isotropy subgroup
* determines a one-dimensional representation of the subgroup G h ) and let Gh ∼ = G/G h be the orbit of h in PO V,0 . Let X h be the element of the ring A(G) represented by the G-set Gh with the representation α a * h associated to the point a * h ∈ Gh (a ∈ G). The correspondence h → X h defines a function ( X) on PO V,0 /G with values in A(G).
The usual (non-equivariant) Poincaré series of a collection of order functions {ν i } is the integral with respect to the Euler characteristic over the projectivization PO V,0 of the function
The equivariant version will be defined as the integral over PO V,0 /G of the function
However one has to make the notion of integration with respect to the Euler characteristic over PO V,0 /G more precise. The reason is that the function X h t ω(h) (or rather X h itself) is not cylindric: the condition that G h = H is not determined by a jet of the germ h of any order. Therefore one has to change the notion of measurable subsets of PO V,0 /G (i.e., of those subsets for which the Euler characteristic is defined) a little bit.
The quotient
for all the conjugacy classes [H] of subgroups of G and all the one-dimensional representations α of H, where (PO V,0 /G) [H] ,α consists of the functions h ∈ PO V,0 /G with the isotropy subgroup G h conjugate to H and, for those of them with G h = H, the corresponding one-dimensional representation of H is α. Let (PO V,0 /G) [H] ,α be the set of h ∈ PO V,0 /G such that H is conjugate to a subgroup of G h and, for those of them with H ⊂ G h , the restriction of the corresponding one-dimensional representation of G h to H coincides with α. (The set (PO V,0 /G) [H] ,α is in some sense the closure of (PO V,0 /G)
[H],α .) In the usual way one can define measurable (i.e., cylindric) subsets of (PO V,0 /G) [H] ,α . Now a subset A of (PO V,0 /G)
[H],α will be called measurable if it is the intersection
Its measure (the Euler characteristic) is defined by the following recurrent equation
where the last sum is over all the conjugacy classes [
(This equation is a recurrent one since it assumes that the measures (the Euler characteristics) of subsets of
Definition: The equivariant Poincaré series P
where
should be regarded as 0. In other words
where the sum is over all the conjugacy classes [H] of subgroups in G, all the one-dimensional representations α of H and w ∈ Z r ≥0 . Applying the reduction homomorphism ρ : A(G) → A(G) to the Poincaré series P G {ν i } (t), i.e. to its coefficients, one gets the series ρP
i.e. a power series with the coefficients from the (usual) Burnside ring. Applying the homomorphism ρ : A(G) → Z and ε : A(G) → R 1 (G), one gets the series ρP
Statement 1 One has
ρP G {ν i } (t) = P {a * ν i } (t 1 , . . . , t 1 , t 2 , . . . , t 2 , . . . , t r , . . . , t r ) , where P {a * ν i } (·) is the usual (non-equivariant) Poincaré series of the collection of |G|r order functions {a * ν 1 , a * ν 2 , . . . , a * ν r |a ∈ G} (each group of equal variables in P {a * ν i } consists of |G| of them). One has
where P G (t) is the equivariant Poincaré series defined in [2] (actually only for divisorial and curve valuations on O C 2 ,0 ) as an element of the power series ring
In [3] an equivariant version of the Poincaré series was defined not as a power series, but as an element of a rather big (and sophisticated) Grothendieck ring of so-called locally finite (G, r)-sets (G-sets with an additional structure).
A locally finite (G, r)-set is a triple (X, v, α) where
• v is a function on X with values in Z r ≥0 ;
• α associates to each point x ∈ X a one-dimensional representation α x of the isotropy subgroup G x = {a ∈ G : ax = x} of the point x;
satisfying the following conditions:
2) for any v ∈ Z r ≥0 the set {x ∈ X : v(x) ≤ v} is finite.
The equivariant version of the Poincaré series in [3] is a virtual locally finite (G, r)-set P
This function is G-invariant and thus is constant on irreducible components of the (G, r)-set. For w ∈ Z r ≥0 , let X w = {x ∈ X : ω(x) = w}. The G-set X w with the representations α x associated to its points is a finite equipped G-set X w = (X w , α |Xw ). One can see that the equivariant Poincaré series (2) is equal to P
Thus the equivariant version of the Poincaré series from [3] determines the Poincaré series considered here.
2 The equivariant Poincaré series for curve and divisorial valuations on O C 2 ,0
Here we write an A'Campo type formula for the equivariant Poincaré series mentioned in the title of the section in terms of a G-resolution. We shall treat two types of plane valuations. Let (C, 0) ⊂ (C 2 , 0) be an irreducible germ of a plane curve and let ϕ : (C, 0) → (C 2 , 0) be a parametrization (uniformization) of it (i.e. Im ϕ = (C, 0) and ϕ is an isomorphism between (C, 0) and (C, 0) outside of the origin).
0 is a valuation: the so-called curve valuation.
Let π : (X , D) → (C 2 , 0) be a modification of the plane (C 2 , 0) by a sequence of blowing-ups. Its exceptional divisor D = π −1 (0) is the union of irreducible components E σ , σ ∈ Γ, each of them is isomorphic to the complex projective line CP 1 . For a component E σ of the exceptional divisor, and for h ∈ O C 2 ,0 , let ν σ (h) be the order of zero of the lifting h • π of the function h to the space X of the modification along the component E σ . The function ν σ on O C 2 ,0 is a valuation: the so-called divisorial valuation (corresponding to the divisor E σ ).
Assume that a finite group G acts on (C 2 , 0) (by a representation). Let ν i , i = 1, . . . , r, be either a curve or a divisorial valuation on O C 2 ,0 . We shall write I 0 = {1, 2, . . . , r} = I ′ ⊔ I ′′ , where i ∈ I ′ if and only if the corresponding valuation ν i is a curve one. For i ∈ I ′ , let (C i , 0) be the plane curve defining the valuation ν i .
A G-equivariant resolution (or a G-resolution for short) of the collection {ν i } of valuations is a proper complex analytic map π : (X , D) → (C 2 , 0) from a smooth surface X with a G-action such that: 1) π is an isomorphism outside of the origin in C 2 ;
2) π commutes with the G-actions on X and on C 2 ;
3) the total transform π −1 (
a normal crossing divisor on X (in particular, the exceptional divisor
is a normal crossing divisor as well); 4) for each branch C i , i ∈ I ′ , its strict transform C i is a germ of a smooth curve transversal to the exceptional divisor D at a smooth point x of it and is invariant with respect to the isotropy subgroup G x = {g ∈ G : gx = x} of the point x; 5) for each i ∈ I ′′ , the exceptional divisor D = π −1 (0) contains the divisor defining the divisorial valuation ν i .
A G-resolution can be obtained by a G-invariant sequence of blow-ups of points. The condition 4) means, in particular, that π is an embedded resolution of the curve GC = i∈I ′ , a∈G aC i . 
Let the curvette L x be given by an equation h x = 0, h x ∈ O C 2 ,0 . Without loss of generality one can assume that the function germ h x is G-equivariant. Moreover we shall assume that the germs h x associated to different points x ∈ • D are choosen so that h ax (a −1 z)/h x (z) is a constant (depending on a and x). Also we shall assume that the dependence of the germ h x on the point x is constructible, i.e. depends on x analytically on x ∈
• D except at a finite set of points.
Let E σ , σ ∈ Γ, be the set of all irreducible components of the exceptional divisor D (Γ is a G-set itself) . 2) for each point x ∈ Ξ and for each point x from its pre-image p −1 ( x), the conjugacy class of the isotropy subgroup G x of the point x is the same, i.e., depends only on the stratum Ξ.
The latter is equivalent to say that the factorization map p :
• D → D is a covering over each stratum Ξ.
For a point x ∈
• D , let X x be the equipped G-set defined by X x = X hx , where h x is the G x -equivariant function defining the choosen curvette at the point x (see above). The equipped G-set X x is one and the same for all points x from the preimage of a stratum Ξ and therefore it defines an element
One can see that, for a stratum Ξ of the stratification, ω x is one and the same for all points x from the preimage π −1 (Ξ). We shall denote it by ω Ξ .
Theorem 1 For a collection {ν i } of curve and divisorial valuations one has
Proof. Let Y be the configuration space of effective divisors on 
Let X : Y → A(G) be the function on Y defined in the following way. Let
where x i is a point from the preimage p −1 ( x i ) of x i . There is a natural map q : Y → Y which sends a point y = n i=1 x i ∈ Y to the point y = n i=1 x i , where x i = p(x i ) is the orbit of the point x i . Let ω y := n i=1 ω x i , where ω x is ω(h x ) (note that ω x depends only on the component of
The preimage of a point y ∈ Y in Y can be described in the following way. Let y = s i=1 ℓ i x i , where
The definition of the one-dimensional representation associated to points of the symmetric powers of an equipped G-set (or rather the explanation of its meaning after the definition) shows that as an equipped G-set q −1 (y) is isomorphic to X(y) Thus one has:
where ∆ is the big diagonal in Ξ k i , i.e. the set of points (x 1 , . . . ,
with at least two coinciding components x j . The last equation follows from the well-known equation
see, e.g., [9] . According to the described pre-λ-structure on the ring A(G) one has:
It is sufficient to prove the equation (4) and the complement I −1 ( y) \ {h y } is fibred into C * families of points with the function X h constant along the fibres. This implies that
and the Fubini formula applied to the map I gives (up to terms of degree greater than W )
Let y ∈ Y be the orbit of y = the functions h and h y to the space X of the modification has neither zeros no poles on the exceptional divisor D and thus is constant on it. Therefore (multiplying h by a constant) one can assume that the ratio ψ is equal to 1 on D.
Moreover the isotropy subgroup of each h λ in PO C 2 ,0 coincides with the isotropy subgroup of h and therefore X h λ is constant. This proves the statement.
A difference between the equation (4) and the equations in Theorems 1 and 2 in [3] convinced us that the equations in [3] contain a mistake. Here we correct this mistake and formulate a somewhat more general statement than Theorems 1 and 2 in [3] . There we considered two cases: a collection of divisorial valuations and a collection of curve valuations. Here we assume that the collection {ν 1 , . . . , ν r } may contain both kinds of valuations on O C 2 ,0 .
Let T = (X, v, α) be a locally finite (G, r)-set. Let us define its symmetric power S k T in the following way. The (G, r)-set S k T is the triple (S k X, v (k) , α (k) ) where S k X is the k-th symmetric power of the G-set X (with the natural G-action), v
, where the unordered collection {x 1 , . . . , x k } represents a point in S k X and α (k) is defined as above (for symmetric powers of equipped G-sets). If the locally-finite (G, r)-set T is such that v −1 (0) = 1 (i.e. a point), then ST = ∞ k=0 S k T is a locally finite (G, r)-set as well. The (G, r)-set T Ξ defined in [3] has this property. Thus ST Ξ is defined as an element of K 0 ((G, r) − sets).
Theorem 2 One has P
The proof is essentially the one given above. Theorems 1 and 2 from [3] where used in [4] . Thus from formal point of view one can assume that the results in [4] are not fully proved. However essentially we did not use the equations of Theorems 1 and 2 but only the fact that the knowledge of the Poincaré series P G {ν i } ∈ K 0 ((G, r)−sets) permitted to restore the numbers Ξ:T Ξ =T χ(Ξ). In that paper this followed from the unique factorization of the Poincaré series of the form
where the product is over all irreducible elements of the ring K 0 ((G, r) − sets) such that v(x) > 0 for all x ∈ X, s T ∈ Z. However, in the same way, one has the unique factorization of the form
where ST = 1 + T + S 2 T + · · · and the product is over all the irreducible elements of K 0 ((G, r) − sets) with the mentioned property. This follows from the fact that the irreducible elements T = (X, v, α) of K 0 ((G, r) − sets) with v(x) > 0 can be partially ordered in such a way that 1) for k > 1, S k T contains only irreducible components greater than T ;
2) each set of irreducible components has a minimal one.
In this case if P
s · Q where Q = 1 + . . . (monomials not smaller than T 1 ). Then one can apply the factorization procedure to Q and get the result. The required order can be defined, e.g., in the following way. For an irreducible (G, r)-set T = (X, v, α), let w(T ) := a∈G v(ax) for a point x ∈ X (one can see that w(T ) does not depend on x). Then we say that T 1 < T 2 if and only if w(T 1 ) < w(T 2 ). One can see that a symmetric power of an irreducible element T (with w(x) > 0) contains only components greater than T .
Relations with the equivariant monodromy zeta functions
In [6] , [7] , there were defined two versions of the equivariant monodromy zeta function for a G-invariant function germ f as a series from ( [7] ). We shall show that in the case when (V, 0) = (C 2 , 0) (i.e. on the plane), with some exceptions, these monodromy zeta functions can be restored (using a simple algorithm) from the equivariant Poincaré series P Let (C 2 , 0) be endowed with a G-representation and let f : (C 2 , 0) → (C, 0) be a G-invariant function germ. Let C = {f = 0} be its zero-level curve. Let C = r i=0 C i be the representation of C as the union of irreducible components (among the curves C i one can have identical ones), and let ν i be the curve valuation defined by the irreducible curve C i . Let P 
] be the monodromy zeta functions of the G-invariant germ f defined in [6] and [7] respectively. One cannot hope to restore the Poincaré series P G {ν i } (t 1 , . . . , t r ) from the series ζ G f (t) or ζ g f (t) since, in particular, the Poincaré series is a series in a number of variables and thus is a more fine invariant than the zeta functions. In particular, the monodromy zeta function does not determine the Poincaré series of a non-irreducible plane curve singularity in the non-equivariant situation, i.e. G = (e). (In this case the Poincaré series coincides with the multivariable Alexander polynomial which can be considered as a multi-variable generalization of the monodromy zeta function. The multi-variable Alexander polynomial, but not the monodromy zeta function, determines the topology of a curve singularity: [13] , [12] ). Therefore we shall discuss the possibility to restore the equivariant monodromy zeta functions ζ G f (t) and ζ G f (t) from the equivariant Poincaré series P G {ν i } (t 1 , . . . , t r ) or from its reduction ρP
One can easily see that
The equivariant zeta functions can be given in terms of a G-resolution π : (X , D) → (C 2 , 0) of the curve C. Let {Ξ} be the stratification of the space
The isotropy subgroup G x of the point x acts on the G x -invariant normal slice to
• D at the point x (in fact the strict transform of the G x -invariant curvette L x corresponding to x). Let G x ⊂ G x be the isotropy subgroup of a point of this slice different from x.
The integer n x and the conjugancy class of the pair (G x , G x ) are the same for all the points x from the preimage of a stratum Ξ with respect to the factorization map p :
Therefore let us denote them by n Ξ and (H Ξ , H Ξ ) respectively.
Then one has ( [6] , [7] ):
.
Let us first assume that the action of G on C 2 \ {0} is free. In this case H Ξ = (e) for any Ξ. Therefore one has
The equations (3) and (6) Remark. The algorithm to restore the monodromy zeta functions from the reduced equivariant Poincaré series ρP For an arbitrary faithful action of a finite group G on C 2 , the equivariant monodromy zeta functions ζ 2 is known, one knows all these possible factors and the problem to restore the monodromy zeta functions from the equivariant Poincaré series is somewhat simpler. Therefore we shall not assume the representation of G on C 2 to be known. One can see that to make it possible to restore the equivariant zeta functions from the equivariant Poincaré series P G {ν i } (t) one has to exclude certain cases (cf. with Theorem 3 in [4] ). Example. Let us consider two actions of the cyclic group Z 6 on C 2 by representations σ * 1 (x, y) = (σ 2 x, σy) and σ * 2 (x, y) = (σ 3 x, σy) respectively (σ = exp(2πi/6) is the generator of Z 6 ) and let C be the curve {x 6 = 0}. One has P Z 6
where σ is the one-dimensional representation defined by σ * z = σz. Moreover the equivariant zeta functions ζ G f (t) and ζ G f (t) are different in these two cases, they are of the form ( 
and to
, s = 0, respectively. Thus they are not determined by the equivariant Poincaré series P Z 6 {ν i } (t).
Theorem 3 Let C
2 be endowed with a faithful action (a representation) of a finite group G and let C = {f = 0} = r i=1 C i , where some of the components C i may coincide, be the zero level curve of a G-invariant function germ f : (C 2 , 0) → (C, 0). Assume that the curve C does not contain a smooth curve invariant with respect to a non-trivial element of G whose action on C 2 is not a scalar one. Let {ν i } r i=1 be the corresponding collection of valuations. Then the G-equivariant Poincaré series P G {ν i } (t 1 , . . . , t r ) determines the equivariant zeta functions ζ G f (t) and ζ G f (t).
be the A'Campo type factorization of the equivariant Poincaré series (here [H] runs over the conjugancy classes of subgroups of G, α is a one-dimensional representation of H). In order to restore the zeta functions ζ G f (t) and ζ G f (t) one has to "localize" the factors corresponding to the exceptional lines and to determine the action of the corresponding isotropy subgroups (the subgroups preserving the lines) on them.
First we shall consider the case of an Abelian group G. This makes the idea of the proof more transparent and permits to describe the general case in a shorter way.
A representation of an Abelian group G splits into the direct sum of two one-dimensional representations. The action of G can be not free on some of the corresponding coordinate lines (on non of them, or on one of them, or on both of them). If the action on a coordinate line is not free, this is an exceptional one. According to the assumption of the Theorem these exceptional lines are not contained in the curve C. In the equation 4 these exceptional lines represent a zero-dimensional strata of the stratification {Ξ} and provide to P If such factors do not exist, the action of G is a scalar one (i.e. an element a ∈ G acts on C 2 by multiplication by α(a)). In this case the action of G on C 2 \ {0} is free and thus the equivariant zeta functions ζ respectively.
